All rings considered here have units. A (non-commutative) ring is right Goldie if it has no infinite direct sums of right ideals and has the ascending chain condition on annihilator right ideals. A right ideal A is an annihilator if it is of the form A = {a e R\xa = 0 for all x e X}, where Xis some subset of R. Naturally, any noetherian ring is Goldie, but so is any commutative domain, so that the converse is not true. On the other hand, since any quotient ring of a noetherian ring is noetherian, it is true that every quotient is Goldie. A reasonable question therefore is the following: must a ring, such that every quotient ring is Goldie, be noetherian? We prove the following theorem:
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commutative ring is noetherian if and only if every quotient is Goldie.
The hypothesis that every quotient be Goldie is very strong and would seem likely to yield an elementary proof of the theorem. We have not been able to do this, however, without the use of a strong theorem of Shock.
A module M is a max module if every submodule has a maximal submodule. Shock has proved: THEOREM (Shock) . A non-finitely generated max module has a quotient with infinite socle and zero Jacobson radical[S, Theorem 2.8].
We also need some ideas on J-nilpotence. A right ideal A in a ring R is left T-nilpotent if, given an infinite sequence {m u m 2 If in the above paragraph, A were a two-sided ideal having the property that every RjA module had a maximal submodule, then since NINA is non-zero, it would be the case that every R module would have a maximal submodule. In particular, this would be the case if R were commutative and A were a maximal ideal.
To prove the theorem, we first state a lemma:
LEMMA. If R is a commutative ring with unit, having essential, simple socle, and having the ascending chain condition on annihilators of single elements, then R has a T-nilpotent maximal ideal.
Proof. Let S = sR be the socle of R, and let M = ann s. Let {m it m 2 ,..., m n ...} be a collection of elements in M. By the a.c.c. on annihilators, there is an integer N with a n n ( m t . . . m N ) = a n n ( m t . . . Proof of the theorem. We show that if R is a commutative fully Goldie ring, then R R is a max module. Let A be any ideal in R, and let x e A, x ^ 0. Let B be an ideal, maximal with respect to excluding x. Then, as is easily shown, the ring RjB has simple essential socle generated by x+B. Further, A+B/B is a non-zero module over RjB. By the lemma, RfB has a T-nilpotent maximal ideal and, by the observations preceding the theorem, every module over RIB has a maximal submodule, so that A+B/B does. This corresponds to a maximal submodule M of A + B containing B. Then M $> A, so that M n A is a maximal submodule Now, if ,4 is a non-finitely generated ideal in R, A is a max module, so that, by Shock's Theorem, A would have a quotient with infinite socle, contradicting the Goldie hypothesis.
REMARK. Generalizations to the non-commutative case seem difficult. If one restricts oneself only to quotient rings, there may not be enough two-sided ideals for the hypothesis to have much strength. If one considers cyclic modules, it is not clear what an annihilator submodule is. Perhaps it could be one which is the intersection of the kernels of a collection of homomorphisms ?
Rings having the property that R/I is Goldie for all two-sided ideals are studied in [3] , [4] , and [6] .
